Purpose -This work is focused on the numerical modeling of mixed convective heat transfer in a double lid-driven cavity filled with water-CuO nanofluid in the presence of internal heat generation. The paper aims to discuss these issues. Design/methodology/approach -The flow field is modeled using a generalized form of the momentum and energy equations. Discretization of the governing equations is achieved using the penalty finite element scheme based on the Galerkin method of weighted residuals. Findings -The effects of pertinent parameters such as the internal heat generation parameter (Q), the Richardson number (Ri) and the solid volume fraction (f) on the flow and heat transfer characteristics are presented and discussed. The obtained results depict that the Richardson number plays a significant role on the heat transfer characterization within the triangular wavy chamber. Also, the present results show that an increase in volume fraction has a significant effect on the flow patterns. Research limitations/implications -Because of the chosen research approach numerically, the research results may lack generalisability. Therefore, researchers are encouraged to test the proposed propositions experimentally. Practical implications -A nanofluid is a base fluid with suspended metallic nanoparticles. Because traditional fluids used for heat transfer applications such as water, mineral oils and ethylene glycol have a rather low thermal conductivity, nanofluids with relatively higher thermal conductivities have attracted enormous interest from researchers due to their potential in enhancement of heat transfer with little or no penalty in pressure drop. Originality/value -This paper fulfils an identified need to study how brand-supportive behaviour can be enabled.
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Introduction
A nanofluid is a base fluid with suspended metallic nanoparticles. Because traditional fluids used for heat transfer applications such as water, mineral oils and ethylene glycol have a rather low thermal conductivity, nanofluids with relatively higher thermal conductivities have attracted enormous interest from researchers due to their potential in enhancement of heat transfer with little or no penalty in pressure drop. It is necessary to study the heat transfer from an wavy surface (triangular, sinusoidal, etc.) because irregular/wavy surfaces are often present in many applications such as micro-electronic devices, flat-plate solar collectors and flat-plate condensers in refrigerators, and geophysical applications (e.g. flows in the earth's crust), underground cable systems, electric machinery, cooling system of micro-electronic devices, etc. Keblinski et al. (2002) analyzed the possible mechanisms of enhancing thermal conductivity and suggested that the size effect, the clustering of nanoparticles and the surface adsorption could be the major reason of enhancement, while the Brownian motion of nanoparticles contributes much less than other factors. This is because Brownian motion of nanoparticles is too slow to transport significant amount of heat through a nanofluid and this conclusion was also supported by their results of molecular dynamics simulation. Das et al. (2003) reported a two-to four-fold increase in thermal conductivity enhancement for water-based nanofluids containing Al 2 O 3 or CuO nanoparticles over a small temperature range, 21-518C. It was believed that clustering could affect the enhancement prominently. Wang et al. (2003) used a fractal model for predicting the effective thermal conductivity of liquid with suspension of nanoparticles and found that it predicted well the trend for variation of the effective thermal conductivity with dilute suspension of nanoparticles.
The convective heat transfer characteristic of nanofluids depends on the thermo-physical properties of the base fluid and the ultra fine particles, the flow Modeling of mixed convective heat transfer pattern and flow structure, the volume fraction of the suspended particles, the dimensions and the shape of these particles. The utility of a particular nanofluid for a heat transfer application can be established by suitably modeling the convective transport in the nanofluid (Kumar et al., 2009) . Several studies of convective heat transfer in nanofluids have been reported in recent years. Khanafer et al. (2003) investigated the problem of buoyancy-driven heat transfer enhancement of nanofluids in a two-dimensional enclosure. Jou and Tzeng (2006) performed a numerical study of the heat transfer performance of nanofluids inside two-dimensional rectangular enclosures. Their results indicated that increasing the volume fraction of nanoparticles produced a significant enhancement of the average rate of heat transfer. Santra et al. (2008a) conducted a study of heat transfer augmentation in a differentially heated square cavity filled with copper-water nanofluid using the models proposed by Maxwell-Garnett and Bruggeman. Their results showed that the Bruggemann model predicted higher heat transfer rates than the Maxwell-Garnett model. Hwang et al. (2007) carried out a theoretical investigation of the thermal characteristics of natural convection of an alumina-based nanofluid in a rectangular cavity heated from below using Jang and Choi's model for predicting the effective thermal conductivity of nanofluids (and various models for predicting the effective viscosity). Free convection heat transfer in horizontal and vertical rectangular cavities filled with nanofluids was investigated by Wang et al. (2006) . Ho et al. (2008) concluded a numerical simulation of natural convection of nanofluid in a square enclosure considering the effects due to uncertainties of viscosity and thermal conductivity. Santra et al. (2008b) studied heat transfer characteristics of copper-water nanofluid in a differentially heated square cavity with different viscosity models. Oztop and Abu-Nada (2008) analyzed heat transfer and fluid flow due to buoyancy forces in a partially heated enclosure using nanofluids with various types of nanoparticles. They found that the use of nanofluids caused heat transfer enhancement and that this enhancement was more pronounced at a low aspect ratio than at a high one. Abu-Nada (2008) carried over on the application of nanofluids for heat transfer enhancement of separated flows encountered in a backward facing step and studied the effects of variable viscosity and thermal conductivity of CuO-water and Al 2 O 3 -water nanofluid on heat transfer enhancement in natural convection (Abu-Nada, 2010 ). Ogut (2009) investigated natural convection of water-based nanofluids in an inclined enclosure with a heat source using the expression for calculating the effective thermal conductivity of solid-liquid mixtures proposed by Yu and Choi. Natural convection cooling of a localized heat source at the bottom of a nanofluid-filled enclosure was studied by Aminossadati and Ghasemi (2009) Mixed convection in a lid-driven cavity flow problems are encountered in a variety of thermal engineering applications including cooling of electronic devices, lubrication technologies, high-performance building insulation, multi-shield structures used for nuclear reactors, food processing, glass production, solar power collectors, drying technologies and others. Tiwari and Das (2007) investigated numerically heat transfer augmentation in a lid-driven cavity filled with a nanofluid and found that the presence of nanoparticles in a base fluid is capable of increasing the heat transfer capacity of the base fluid. Muthtamilselvan et al. (2009) reported on the heat transfer enhancement of copper-water nanofluids in a lid-driven enclosure with different aspect ratios. Oztop and Dagtekin (2004) investigated mixed convection in two sided lid driven differentially heated square cavity.
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The objective of this work is to study steady mixed convection in double-lid driven and triangular wavy cavity filled with a heat generating nanofluid (water with CuO nanoparticles). The flow field and enhancement in heat transfer are evaluated under wide ranges of the heat generation parameter, Richardson number and the volume fraction of nanoparticles. Figure 1 shows a schematic diagram and related boundary conditions of the vertical triangular wavy chamber. A Cartesian coordinate system is used with the origin at the lower left corner of the computational area. The height and the length of the cavity are given by H and L. The vertical wavy walls are heated and maintained at a constant temperature (T h ) higher than the horizontal cold wall temperature (T i ). The top and bottom surfaces are moving along positive and negative x-axis, respectively, with a uniform velocity u i . The gravitational force acts in the vertically downward direction. The heat generating fluid in the chamber is a water-based nanofluid containing CuO nanoparticles. The nanofluid is assumed incompressible and the flow is conceived as laminar and two-dimensional. It is idealized that water and the nanoparticles are in thermal equilibrium and no slip occurs between the two media. The thermophysical properties of the nanofluid are given in Table I 
Physical configuration
L H T = T h u = v = 0 x T = T h u = v = 0 T = T i y 2A u = u i , v = 0 u = -u i , v = 0 g T = T i λ
Physical properties Fluid phase (water) CuO
x-momentum equation:
y-momentum equation:
Energy equation:
where:
The effective thermal conductivity of the nanofluid is approximated by the Maxwell-Garnett model:
This model is found to be appropriate for studying heat transfer enhancement using nanofluids (Abu-Nada, 2008; Abu-Nada and Akbarinia and Behzadmehr, 2007) . In addition, the viscosity of the nanofluid can be approximated as viscosity of a base fluid m f containing dilute suspension of fine spherical particles. In the current study, the viscosity of the nanofluid is considered by the Pak and Cho (1998) correlation. This correlation is given as:
Substituting the following dimensionless variables:
into equations (1)- (4), the dimensionless governing equations become:
are the Prandtl number, Richardson number, Rayleigh number, Reynolds number and the internal heat generation parameter, respectively. The appropriate dimensionless boundary conditions can be written as:
(1) On the left wall:
(2) On the right wall:
(3) On the top wall:
(4) On the bottom wall:
The fluid motion is displayed using the stream function c obtained from the velocity components U and V. The relationships between the stream function and the velocity components for two-dimensional flows are:
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3. Mathematical formulation After solving for U, V and u, more useful quantities for engineering applications are obtained. For example, the Nusselt number can be expressed as:
where the heat transfer coefficient is computed from:
The thermal conductivity of the nanofluid is expressed as:
Here n is dimensional distances either along x-direction or y-direction. Substituting equations (15) and (16) into equation (14) and using the dimensionless quantities, the local Nusselt number along the left vertical wavy wall can be written as:
and (k nf /k f ) is calculated using equation (5).
Finally, the average Nusselt number is determined from:
where S, N are the non-dimensional length and coordinate along the heated triangular surface, respectively. For convenience, a normalized average Nusselt number is defined as the ratio of average Nusselt number at any volume fraction of nanoparticles to that of pure water that is:
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Numerical technique
The momentum and energy balance equations are the combinations of mixed elliptic-parabolic system of partial differential equations. The six node triangular element is used in this work for the development of the finite element equations. All six nodes are associated with velocities as well as temperature. Only three corner nodes are associated with pressure. First, the solution domain is discretized into finite element meshes, which are composed of non-uniform triangular elements. Then the non-linear governing partial differential equations are transferred into a system of integral equations by applying Galerkin's method. The integration involved in each term of these equations is performed by using Gauss's quadrature method. The non-linear algebraic equations so obtained are modified by imposition of boundary conditions. These modified non-linear equations are transferred into linear algebraic equations by using reduced integration technique and Newton-Raphson method. Finally, these linear equations are solved by applying Triangular Factorization method. The Galerkin finite element method (Reddy, 1993; Zeinkiewicz et al., 1971 ) is used to solve the non-dimensional governing equations along with boundary conditions for the considered problem. The equation of continuity has been used as a constraint due to mass conservation and this restriction may be used to find the pressure distribution. The penalty finite element method (Roy and Basak, 2005 ) is used to solve equations (9)- (11), where the pressure P is eliminated by a penalty constraint j, and the incompressibility criteria given by equation (8) which can be expressed as:
The continuity equation is automatically fulfilled for large values of j. Then the velocity components (U, V), and temperature (u) are expanded using a basis set {F} N k¼1 as:
The Galerkin finite element technique yields the subsequent non-linear residual equations for equations (9)- (11), respectively, at nodes of the internal domain V:
Three points Gaussian quadrature is used to evaluate the integrals in these equations. The non-linear residual equations (22)- (24) are solved using Newton-Raphson method to determine the coefficients of the expansions in equation (21). The convergence of solutions is assumed when the relative error for each variable between consecutive iterations is recorded below the convergence criterion 1 such that jC nþ1 2 C n j # 10 24 , where n is the number of iteration and C is a function of U, V and u.
Mesh generation
In the finite element method, the mesh generation is the technique to subdivide a domain into a set of sub-domains, called finite elements, control volume, etc. The discrete locations are defined by the numerical grid, at which the variables are to be calculated. It is basically a discrete representation of the geometric domain on which the problem is to be solved. The computational domains with irregular geometries by a collection of finite elements make the method a valuable practical tool for the solution of boundary value problems arising in various fields of engineering. Figure 2 shows the finite element mesh of the present physical domain.
Grid testing and code validation
An extensive mesh testing procedure is conducted to guarantee a grid-independent solution. Various mesh combinations are explored for the case of Ri ¼ 0.1, Q ¼ 1, Pr ¼ 1.47, Re ¼ 10, f ¼ 4 percent. The present code is tested for grid independence by calculating the average Nusselt number on the left triangular corrugated wall. Five different non-uniform grid systems with the following number of elements within the resolution field: 1,588, 2,765, 3,593, 4,795 and 5,682 are examined. The numerical scheme is carried out for highly precise key in the average Nusselt number (Nu) for the HFF 24,1 aforementioned elements to develop an understanding of the grid fineness as shown in Figure 3 . The scale of Nu for 4,795 elements shows a little difference with the results obtained for the other elements. In harmony with this, it is found that a grid system of 4,795 elements ensures a grid independent solution. Another grid-independence study Modeling of mixed convective heat transfer is performed using CuO-water nanofluid. It is confirmed that the same number of grid elements ensures a grid-independent solution. The present numerical solution is further validated by comparing the current code results for streamlines and isotherms at Ri ¼ 1, f ¼ 0 percent, Pr ¼ 6.2, Gr ¼ 10 4 with the graphical representation of Tiwari and Das (2007) which was reported for heat transfer augmentation in a two-sided lid-driven differentially heated square cavity utilizing nanofluids. Figure 4 demonstrates the above stated comparison. As shown in Figure 4 , the numerical solutions (present work and Tiwari and Das (2007) ) are in good agreement.
In addition, Table II explains a comparison with various studies (Tiwari and Das, 2007; Lin and Violi, 2010; Ha and Jung, 2000) in the literature. It is seen from this table that the present results match better with the previously published results. 1, 1, 10 ) and the solid volume fraction f ( ¼ 1, 4, 10, 20 percent) are given. In addition, the values of the local, average Nusselt number and normalized Nusselt number have been calculated for the above mentioned parameters. Figures 5 and 6 show the velocity and the temperature fields for different values of Q with the convective parameter Ri. For Q ¼ 0, the overall feature of the streamlines is similar to that of conventional mechanically-driven cavity flow which is characterized by a primary recirculating counter clockwise cell that occupies the bulk of the cavity. This cell contains two tiny vortices near the top and bottom moving surfaces. As well it appears from Figure 5 that the overall flow does not perturbed by varying Ri from forced to mixed then free convection regimes. With the increase of Q, the size of small eddies in the rotating cell increases. For the higher values of Q ( ¼ 10, 20), a secondary vortex is formed near the left corrugated wall and is increased in size with elevating values of Ri. In addition, in the forced convection dominated region, the flow pattern remains similar to that of the initial case when the heat source is inactive.
In the absence of internal heat generation, the isothermal lines occupy the whole cavity. In addition, the temperature profile takes the wavy pattern in the neighborhood of the vertical surfaces as shown in Figure 6 . The thermal boundary layer near the lid driven walls becomes slightly thick due to the increase in the source parameter Q from 0 to 10. As well as for a particular value of Q, a thinner boundary layer is depicted to form near the hot wavy surfaces with rising values of Ri. This is attributed to the increase in the contribution of convection heat transfer mechanism, which causes steep temperature gradients in the vertical direction near the bottom wall. Upon further increase in Q up to 20, the internal energy of the fluid increases. It is noticeable that the isotherms depart from the hot wall and begin to crowd near the horizontal lids forming a thick thermal boundary layer.
The effect of the solid volume fraction f ( ¼ 1, 4, 10 and 20 percent) with three values of Ri ( ¼ 0.1, 1, 10) for the considered water-CuO nanofluid along with the base fluid (f ¼ 0 percent) on the velocity and temperature profiles are shown in Figures 7 and 8 , respectively. As the volume fraction of CuO nanoparticles increases from 1 to 20 percent, the streamline and isotherm contours tend to get affected significantly. It appears from the left column of Figures 7 and 8 that escalating the solid volume fraction f from 1 and 20 percent does not disturb the global flow and isotherm patterns except in the vicinity of the vertical walls, where the contour lines mimic the wall's profile. In general, the streamlines move at a higher rate and become more vertically stretched and they are more so for the results obtained using the nanofluid than for those obtained by employing clear water. Varying Ri from forced to mixed and then free convection, the size of the small eddies created in the primary anti-clockwise circulating cell of the flow field becomes larger successively and they take similar pattern to other lines. In addition, a tiny secondary clockwise rotating cell is developed in the vicinity of left triangular wavy surface. The isotherms corresponding to f ¼ 20 percent move more upward Modeling of mixed convective heat transfer towards the upper horizontal wall of the cavity causing increased thermal gradients there than for f ¼ 0 percent (base fluid). However, the increase in the thermal gradients at the upper horizontal wall is much higher for the water-CuO nanofluid than for the clear water. This means that higher heat transfer rates are predicted by the nanofluid than the Modeling of mixed convective heat transfer local Nusselt number (left vertical wavy surface) for a triangular wavy chamber at Ri ¼ 0.1 and f ¼ 0 percent (water) and f ¼ 4 percent (nanofluid). It is seen from Figure 9 (a)-(b) that the U and V velocity components results for the nanofluid predict an important effect than those of clear water. The result for the temperature profile in Figure 9 (c) expresses that u 2 Y profile obtains the form of parabola. Also, it is affected more by using the water-CuO nanofluid than by using the base fluid. It is observed from Figure 9 (d) that the local Nusselt number (Nu local ) decreases in most of the Y-axis (Y , 0.2). In the range 0.2 , Y , 0.8, the local Nusselt number mimics the form of a triangular wavy pattern. Beside this region, it increases up to Y ¼ 1. It is predicted that the Nu local rises with the presence of nanoparticles. Moreover, it is observed that the nanofluid significantly over-predicts the local Nusselt number than that corresponding to the base fluid. The effects of Q, Ri and Pr on the average Nusselt number (Nu) are graphically established by Figure 10(a)-(c) , respectively. It is clearly seen that Nu devalues with the escalating values of both Q and Ri. It is observed from Figure 10(a)-(b) that the percent diminishes in Nu for Q using the nanofluid and the clear water by 16 and 11 percent, respectively, whereas for Ri the rate is 12 and 4 percent, respectively. But Figure 10 (c) claims that heat transfer rate increases for both water-CuO and clear water due to growing Prandtl number ( ¼ 1.47, 3, 5 and 7) . This is happened due to the fact that temperature of fluid diminishes for growing Pr. The rate of heat transfer enhances by 15 and 11 percent for nanofluid and base fluid, respectively, for the effect of Pr. Thus, heat transfer rate is more effective for nanofluid than the base fluid. This mitigation of heat transfer is mainly attributed to the effective dynamic viscosity which is predominant in the mixed convection of nanofluid for low effective thermal conductivity. Figure 11 (a)-(b) expresses the effect of f on the average Nusselt number (Nu) and the normalized average Nusselt number (Nu * ) for various values of the volume fraction of nanoparticles. The values of Nu and Nu * enhance as the nanoparticles volume fraction f rises from 1 to 20 percent. In addition, Nu and Nu * for f at Ri ¼ 0.1 and Q ¼ 1 using the water-CuO nanofluid increase in 17 and 16 percent, respectively.
Conclusion
The problem of mixed convection heat transfer of water-CuO nanofluid in a double lid driven enclosure with internal heat generation has been studied numerically. Various values for the heat generation parameter, Richardson number and the solid volume fraction have been considered for the flow and temperature fields as well as the heat transfer rate while Re and Pr are fixed at 10 and 1.47, respectively. The results of the numerical analysis lead to the following conclusions:
. The structure of the fluid flow and temperature field within the triangular wavy chamber is found to significantly depend upon the convective parameter Ri especially a secondary eddy is formed in the flow field and boundary layer thickness is reduced near the vertical surfaces.
. The variation in the value of Q does not affect radically the flow pattern. However, the thermal current activities have been changed dramatically.
. It is found that considerable heat transfer enhancement can be obtained due to the presence of nanoparticles and that this is accentuated by increasing the nanoparticles volume fraction. Overall, the analysis also defines the operating range where water-CuO nanofluid can be considered effectively in determining the level of heat transfer augmentation.
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